
Automotive Science and Engineering, Vol. 14, No. 3, (2024),  4439-4448 

*Corresponding Author 

Email Address: marzban@iust.ac.ir 

https://doi.org/.22068/ase.2024.680                                                              

“Automotive Science and Engineering” is licensed under 

a Creative Commons Attribution-Noncommercial 4.0 

International License.   

 

Torsional and bending stiffness and modal analysis of a bus structure  

Zahra Taghizade1, Mohammad yaghoobian2, Javad Marzbanrad3* 

1 M.Sc, School of Automotive Engineering, Iran University of Science and Technology, Tehran, Iran 

2 PhD, Department of mechanical engineering, Isfahan university,Isfahan,Iran 

3 Professor, School of Automotive Engineering, Iran University of Science and Technology, Tehran, Iran 

 

ARTICLE INFO  A B S T R A C T 

Article history:  

Received :18 Mar 2024 

Accepted: 2 Jun 2024 

Published:26 Jul 2024 

 

 

A bus experiences various loads during operation, stressing its structural 

components and causing noise, vibrations, and strains. To withstand these 

stresses, components must have sufficient stiffness, strength, and fatigue 

properties. In this study, the CAD model of a bus was created in 

SolidWorks and meshed using HyperMesh. A modal analysis conducted 

in HyperMesh verified the model's integrity, welding joint accuracy, and 

suitability for further analysis. A HyperMesh solver performed bending 

and torsional analyses. The torsional and bending stiffness of the bus body 

was calculated based on these results. Previous research primarily focused 

on stress and displacement, neglecting torsional and bending stiffness 

analysis for three-axle buses. This study addresses this gap, providing 

industry engineers with insights into acceptable torsional and bending 

stiffness for intercity buses. This knowledge supports the design of buses 

with adequate braking and turning capabilities. Additionally, the research 

contributes to bus body optimization efforts. In subsequent studies, 

scientists can experiment with various materials and models of various bus 

structure beam profiles. 
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1. Introduction  

The longevity, cost, and safety 

performance of a bus body are directly 

influenced by its design [1]. A crucial 

component of passenger vehicle performance 

is the bus body frame [2]. Important factors 

to consider are the bus structure's torsional 

and bending stiffness. Two primary goals for 

a bus's components are to reduce weight and 

maintain an appropriate level of torsional 

stiffness. Whereas high torsional stiffness 

increases vehicle safety, handling, and 

passenger comfort, weight reduction 

increases fuel efficiency. The topic of 

optimizing torsional and bending stiffness 

has been extensively researched. Modified 

beam gauges have been used to optimize bus 

weight [3]. Additionally, simplified finite 

element modeling for cars has been proposed, 

substituting one-dimensional beams and 

panels with large cross-sections for load-
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bearing components [4]. Body frame 

stiffness and static strength analysis 

computed under various working conditions, 

including bending and torsion, revealed 

maximum stress values within allowable 

limits [5]. Weight reduction can be achieved 

through Component Thinning. Studies have 

also investigated the impact of the roof frame 

on stiffness and weight by comparing a 

single-body design with a separate roof frame 

connected by steel elements and panels [6]. 

The influence of side stiffening panels on the 

stiffness of the bus construction has been 

explored [7]. The amount of bending stress, 

etc., is calculated using beam-related 

calculations that treat the chassis as a beam. 

The simulation results were compared to the 

computational results, and the comparison 

was positive [8]. Studies have focused on 

improving torsional stiffness by designing 

and simulating chassis deflection using the 

finite element method [9]. Several chassis 

designs were presented, and the multi-hole 

model was found to have the highest torsional 

strength, making it the preferred choice [9]. 

An engineering method has been developed 

to replace the vehicle model's structural 

elements with those of the concept model 

[10]. This conceptual model accurately 

predicted bending and torsional stiffness 

compared to the original model [11]. 

Response surface optimization (RSO) was 

used for both pure bending and torsion 

loading scenarios. This method increased the 

optimized model's torsional stiffness by 

3.29% (51.07 Nm/°) and reduced its weight 

by 2.64% [12]. Two stiffness analysis 

methods were performed, considering the 

vehicle wheelbase and spring bracket 

loading. The spring bracket approach closely 

matched actual results and was 5.4 times 

more accurate than the wheelbase method 

[13]. A method for improving bus stiffness 

involved optimizing the cross-sectional 

characteristics of the main body components 

while maintaining the base model's weight 

[14]. Numerical analysis of the bus body 

frame's structure during braking and 

cornering led to a 3.07% weight reduction 

through frame optimization [15]. The 

technique used for lightweight design 

involves optimizing topology and reducing 

the number of frame elements [16]. Due to 

the lack of previous studies on torsional and 

bending stiffness, this study investigated 

vertical bending and torsional stiffness and 

conducted a modal analysis of the three-axle 

bus. The accuracy of the results was verified 

through comparison with existing literature. 

 

Flexural and Torsional Strength Analysis 

The chassis typically withstands four main 

types of loads: 

a) Vertical bending: When the weight of 

passengers, baggage, and vehicle 

components is concentrated in the middle 

between the two axles, and the chassis is 

supported at both ends by axles, the 

longitudinal beams of the chassis undergo 

vertical bending. This causes the middle 

section of the chassis to flex. If both front 

wheels hit a pothole simultaneously, the 

chassis can bend in this way [17]. 

b) Longitudinal torsion: When the front and 

rear wheels of the chassis come into contact 

with an object at an angle at the same time, 

they rotate in opposite directions [17]. This 

causes longitudinal torsion in both the 

longitudinal and lateral elements of the 

chassis, resulting in chassis deformation. The 

maximum torsion occurs in this case. The 

chassis must be strong enough to withstand 

the torque caused by a wheel hitting an 

obstruction. The vehicle's resistance to 

torsion determines the acceptable torsional 

torque when driving over road impediments 

(such as speed bumps). 

c) Lateral bending: The chassis may 

experience lateral forces due to crosswinds, 

road imperfections, road camber, or 
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centrifugal forces during cornering. These 

lateral forces, countered by tire-road 

adhesion, cause torsion in the lateral elements 

of the chassis and lead to chassis deformation 

[17]. 

d) Horizontal distortion: When a chassis 

frame moves forward or backward, it 

encounters potholes, junctions, bumps, and 

surface curbs through wheel impacts, causing 

the front of the chassis to deform into a 

parallelogram. 

 

2.1 Bending Flexibility 

It is evident from doing a particular static test in 

which just the transfer forces and displacements 

are involved that all of the forces Fn operating on 

the structure can be described as a general force 

F plus a number of coefficients that vary 

according to the force's size and geometry. 

 Fn = XnF                                                             (1) 

∑ xn n   =0                                                                 (2) 

An analogous approach can be used to write tests 

involving torque and torsion pairs.  

The following dn displacements at the location 

where the load and supports are applied are also 

used to determine the static flexibility of C: 

C= 
∑ Xndnn

F
                                                              (3) 

The following equation obtains the contribution 

of each vibration mode from the flexibility of C 

[18]: 

C = 
ΣiΣjXiXjψiψj

m(2πf)2                                                   (4) 

Where m is the modal mass, f is the amplification 

frequency, and ψi is the form of the modes at the 

location of load application and supports. 

The sum of each softness of the modes also yields 

the total softness. One may obtain the total of all 

distributed modes by inducting a "soft" transfer 

function to 0 Hz. The following is the flexibility 

function: 

 
d

F
= ΣiΣjXiXj

di

Fj
 = -

1

(2πf)2 ΣiΣjXiXj
ai

Fj
                (5) 

This article states that the transfer function is not 

included in the intermediate function below at 

frequency 0 Hz, which is related to the rigid 

body's modes and tends to zero. 

𝑎

𝐹
 = Σ𝑖Σ𝑗𝑋𝑖𝑋𝑗

𝑎𝑖

𝐹𝑗
                                                (6) 

2.2 Theory of beam bending flexibility 

A beam with basic supports at both ends and a 

force applied to the middle of the beam is shown 

bending in “Figure 1”. 

 

Figure 1: beam bending with two simple supports 

[18]. 

By taking the relation (7) into consideration, the 

coefficients are found. 

F2=F and X2=1                                                 (7) 

The static balance equations also make it simple 

to obtain additional coefficients: 

X1=X3=-
𝟏

𝟐
⇒ F1=F3=-

𝑭𝟐

𝟐
                                        (8) 

It is computed by changing the obtained values in 

the bending flexibility equation. 

Cb = 
𝚺𝒏𝑿𝒏𝒅𝒏

𝑭
                                                          (9) 

Ideally, d1 and d3 both go to zero. This formula 

corrects the circumstances for the rigid body's 

motion, even in the case of deformed supports. It 

is also possible to compute each mode of 

flexibility 's contribution in the following way: 

Cb =
Σ𝑖Σ𝑗𝑋𝑖𝑋𝑗𝜓𝑖𝜓𝑗

𝑚(2𝜋𝑓)2 =
(𝜓2−

𝜓1
2

−
𝜓3

2
)2

𝑚(2𝜋𝑓)2                                     (10) 

The above theory was a static theory in the 

calculation of flexibility. Now, through the modal 

theory, flexibility is investigated. Static 

flexibility follows the following standard 

formula: 

C = 
𝑌

𝐹
=

𝐿3

48𝐸𝐼
                                                      (11) 

where L is the length of the beam, E is Young's 

modulus of the material used in the beam, and I 

is the inertia of the cross section of the beam. The 
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mode shape of the beam in the free state is 

according to equation (12)  [18]: 

y(x) = 
1

2
{cosh(kx) + cos(kx) −

sinh(kl)+ sin(kl)

cosh(kl)− cos(kl)
 [sinh(kx) + sin(kx)]}        (12) 

where y (0) = y(L) = 1, the modes' shapes are 

normalized, and k is a non-zero response that is 

determined by solving the equation cos(𝑘𝑙) =

 
1

cosh(𝑘𝑙)
. With a reasonable degree of accuracy, 

the values of k for the nth bending mode are as 

follows: 

Kn = 
(2n+1)Π

2

1

l
                                                   (13) 

The following relation can also be used to 

determine resonance frequencies: 

F = 
1

2π
[

EI

ρ
]

1

2
K2 =  

1

2π
[

EI

ρ
]

1

2
[

(2n+1)π

2l
]

2
                (14) 

where ρ is the mass per unit length (M/L) and M 

is the total mass. The modal mass (m) is 

calculated from the square integral of the modes 

and is necessarily equal to a quarter of the total 

mass of all bending modes: 

m = ρ ∫ y(x)2dx =  
ρl

4
=  

M

4

l

0
                           (15) 

The first forms of bending modes at the place of 

support and the place of application of load are as 

follows: 

Y (0) = y(l) = 1, Y (
l

2
) =  −0.6078                             

(16) 

and by replacing them in the modal elasticity 

equation, we will have: 

C1 = 
(

1

2
+

1

2
+0.6078)

2

(2πf)2m
=  

l3

48EI
                                 (17) 

This relationship implies that the initial bending 

mode inevitably affects the bending flexibility. 

Since there will be no expression that contains the 

square of the modes, the second mode's and other 

even modes' contributions will be zero. The 

following will be the proportion of the third and 

fifth modes: 

C3= 
1

4352

L3

EI
             C5=

1

7649

L3

EI
                                     (18) 

The contribution of the third mode is extremely 

low. The contribution of the fifth mode is also 

very low due to its high frequency. A similar 

situation is also considered for individual higher 

modes, with the result that the first bending mode 

governs the flexibility of the structure when the 

load is applied to the middle of the structure. It is 

interesting to note that the change of the static 

shape in the structure is the same as the first shape 

of the bending mode of the structure. 

2.3 Torsional Flexibility 

The twist of a rectangular frame is shown in 

Figure 2. The frame is set on the supports at 

points 2 and 3, and the load is applied at points 1 

and 4. 

 

Figure 2: the frame twisting as a result of applying 

force [18]. 

In this case, the forces create a torsional couple Γ, 

and the applied forces and the reaction also come 

from the following relationships: 

Fi =Xi𝚪                                                                                                 (19) 

X1 = 
𝟏

𝐰𝟏𝟐
=  −𝐗𝟐     X3 =-

𝟏

𝐖𝟑𝟒
= −𝐗𝟒              (20) 

Assuming small twist angles, the twist angle of 

the frame in radians is as follows: 

𝛀 =  
𝐝𝟏−𝐝𝟐

𝐰𝟏𝟐
−

𝐝𝟑−𝐝𝟒

𝐰𝟑𝟒
= 𝚺𝐢𝐗𝐢𝐝𝐢                            (21) 

As a result, torsional flexibility in terms of 

Nm/rad is: 

T = 
𝛀

𝚪
=  

𝚺𝐢𝐗𝐢𝐝𝐢

𝚪
                                                  (22) 

The contribution of each specific mode of 

torsional flexibility can be written as follows: 

𝛕 =  
𝚺𝐢𝚺𝐣𝐗𝐢𝐗𝐣𝛙𝐢𝛙𝐣

𝐦(𝟐𝛑𝐟)𝟐 =  
𝚺𝐢𝐗𝐢𝐔𝐢

𝟐

𝐦(𝟐𝛑𝐟)𝟐 =  
𝟏

𝐦(𝟐𝛑𝐟)𝟐 (
𝛙𝟏−𝛙𝟐

𝐰𝟏𝟐
-

𝛙𝟑−𝛙𝟒

𝐰𝟑𝟒
)                                                               (23) 

Next, the frame is supported from three corners, 

while a load is supplied to the frame from the 

fourth corner to conduct the static torsion test. 
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The following is the determination of the static 

torsional stiffness based on the force-

displacement curve [18].  

T = 
𝛀

𝚪
= 

𝚺𝐢𝐗𝐢𝐝𝐢

𝚪
                                                     (24) 

2. Method 

3.1. Modelling 

A Cad model of a bus was modeled by 

SolidWorks software. The bus body model is 

meshed in HyperMesh software. In this process, 

two-dimensional shell elements (triangular and 

quadrilateral) with an element size of 50 

millimeters are employed. The constituent 

material of the bus body is steel, with 

specifications as outlined in “Table 1’’. Figure 3 

provides a comprehensive view of the finite 

element model of the BIW (body-in-white) 

components. Welded connections using RBE2 

rigid elements interconnect the body components. 

The locations of these rigid welds are illustrated 

in Figure 4.  

 
Figure 3: Full bus finite element model 

 
Figure 4: Bus rigid welding RBE2 

 

Table 1: Material properties 

Steel 

Young’s Modulus(E) 210000Mpa 

Poisson’s Ratio (ѵ) 0.3 

Yield stress (σy) 240Mpa 

Density (ρ) 7.9e-9 tones/mm3 

The finite element model consists of 62112 

elements and 244 components. Information 

related to the finite element model of the bus is 

presented in Table 2.  

Table 2: elements data 

Finite element model 

Two-dimensional shell 

element 
62112 

Rigid element 910 

Node 64182 

The HyperMesh program has evaluated the 

elements' quality and fixed any issues that were 

present in the model. In Table 3, the quality of the 

elements is provided. 

Table 3: Elements quality 

Quality item 
No. of failed 

elements 

Of failed 

elements % 

Warpage>5 0 of 62112 0% 

Aspect ratio>5 15 of 62112 0% 

Skew>60 0 of 62112 0% 

Jacobian<0.7 11 of 62112 0% 

 

3.2. Loads and boundary conditions 

3.2.1 Bending  

Figure 5 shows that the bus body is restricted to 

123, meaning that the x, y, and z directions are 

fixed. Boundary conditions were applied in place 

of the tires on the axle And all the boundary 

conditions are limited in 123. As shown in Figure 

5, vertical loads imposed as pressure loads in the 

middle of the bus body have a value  of 10,000 N. 

 

Figure 5: Boundary conditions and loads for bending 

analysis 

3.2.2 Torsional 

For torsional stiffness analysis, the bus body is 

limited to 3 and also 123. One of the boundary 
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conditions was imposed at the center of the front 

axle of the bus limited in 3, and the other was 

applied at the rear axle limited in 123. A force 

coupling is applied to the front axle, which is 

10,000 N, as shown in Figure 6.  

 

Figure 6: Boundary conditions and loads for torsional 

analysis 

According to [4 ] , these boundary conditions and 

forces are loaded. 

3. Modal analysis 

Modal analysis is a process in which the 

mechanical properties of a structure, including 

natural frequency, damping coefficient, and 

different mode shapes, are discussed. The first six 

modes are rigid modes, and the value in them is 

almost zero. Modal analysis is used to measure 

the dynamic response of structures when they are 

subjected to acceleration [19]. In this research, 

modal analysis is used to ensure connections and 

parts. Figures 7 to 9 show the shape of the bus 

mode in different modes. In the simplest case, 

where the material is linear elastic and follows 

Hooke's Law, the matrix equations can be 

represented as a dynamic three-dimensional 

spring mass system. The following is the 

generalized equation of motion  [20]: 

[𝑀][𝑈̈] + [𝐶][𝑈̇] + [𝐾][𝑈] = [𝐹]                    (25) 

where [𝑀] is mass matrix, [𝐶] is a damping 

matrix, [𝐾] is the stiffness matrix, [𝑈] is 

displacement, [𝐹] is the force vector. The overall 

issue is a quadratic eigenvalue problem with 

nonzero damping. However, the damping is 

typically disregarded for vibrational modal 

analysis, leaving only the first and third terms on 

the left: 

[𝑀][𝑈̈] + [𝐾][𝑈] = 0                                        (26) 

This is the typical eigensystem form that is used 

in FEM structural engineering. Harmonic motion 

is assumed to represent the free-vibration 

solutions of the structure [21] . According to this 

presumption, [𝑈̈] is taken to equal 𝜆[𝑈], where 𝜆 

is an eigenvalue (with units of reciprocal time 

squared, e.g., s-2 ) Using this, the equation reduces 

to [20] : 

[𝑀]𝜆[𝑈] + [𝐾][𝑈] = 0                                   (27) 

On the other hand, the static problem equation 

is: 

[𝐾][𝑈] = F                                                      (28) 

This is anticipated when all time derivative terms 

are set to zero.  Table 4 shows the first ten 

frequency modes after the six rigid modes. 

Table 4: Ten modes of frequency 

Mode 
Frequency 

(Hz) 

1 1.919111 

2 2.551669 

3 3.086311 

4 3.745976 

5 4.173711 

6 4.515196 

7 4.786030 

8 4.982533 

9 5.340010 

10 5.633844 

  

4444  [
 D

O
I:

 1
0.

22
06

8/
as

e.
20

24
.6

80
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 p
r.

iu
st

.a
c.

ir
 o

n 
20

26
-0

6-
20

 ]
 

                             6 / 10

http://dx.doi.org/10.22068/ase.2024.680
https://pr.iust.ac.ir/ijae/article-1-680-en.html


Taghizade and Marzbanrad 

Automotive Science and Engineering (ASE)       4441 

 

Figure 7: Bus first frequency mode 

 

Figure 8: Bus fifth-frequency mode 

 

Figure 9: Bus tenth frequency mode 

5. Results 

The displacement and stress of the body frame 

under bending conditions are shown in Figure 

10(a) and 10(b). The side walls of the bus and the 

lower beams experience a maximum von Mises 

stress of 275 Mpa due to the bus's structural 

design, which exceeds the yield strength of steel. 

This indicates that these components lack 

sufficient strength to withstand bending in the 

bus.The high-stress area is framed in the middle 

and back. The main reason is that the engine and 

gearbox of the bus are located in this area. This is 

similar to [5] in which the maximum stress is 

concentrated in the middle and back of the bus 

body. According to the figure 10(a), it can be seen 

that the vertical displacement is located at the 

junction of the luggage compartment, engine, and 

gearbox. This is also similar to the result of [5] . 

 

Figure 10(a): Displacement due to vertical bending 

 

Figure 10(b): Von mises stress due to vertical bending 

Kb = 
𝐹

𝛿
 = 1638.672676N/mm                                    (29) 

In equation (29), kb is the bending stiffness, and 

F is the applied force, 𝛿 is the maximum 

displacement [5] . A measure used to evaluate a 

bus structure's bending or deflection after torque 

is applied is called torsional stiffness. It should be 

enhanced to the point where the bus cannot twist 

under the different torsion loadings that the 

vehicle is subjected to [4] . The displacement and 

stress of the body frame under constrained 

torsional circumstances are shown in Figure 11. 

The tension generated by the luggage 

compartment and the frame beam results in the 

maximum Von Mises stress 581 Mpa which 

exceeds the yield strength of steel. This indicates 

that these components lack sufficient strength to 

withstand bending in the bus, as shown in Figure 

11(a). this result also is similar to [5] . The peak 

of the dashed line and the wind window are where 

the highest displacement is found, as shown in 

Figure 11(b). The front wheel suspension is the 

reason for this issue.    
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Figure 11(a): Von Mises stress due to torsional 

 

Figure 11(b): Displacement due to torsional 

Kt = 
𝑇

𝜑
 = 

𝐹∗𝑡

𝑎𝑟𝑐𝑡𝑎𝑛(
𝛿

𝑡
)
 = 1023890. 78N.mm/°           (30) 

In equation (30), kt is torsional stiffness, T is torque 

moment, and 𝜑 is torsional angle  .[5]   

4. Discussion 

The main source of external stimulation for a bus 

travelling on a roadway is uneven surface. The 

highest frequency of road excitation, according to 

pertinent data, is between two to five Hz. Another 

significant external source of excitation is engine 

excitation. The engine usually runs at 600–800 

rpm when it is inactive, and the vibration 

frequency is typically 30–40 Hz. Resonance 

won't happen since the bus's first ten-order 

natural frequency spans 1.9 Hz to 5.63 Hz. One 

of the important limitations of this study was the 

size  of the structure, which required a strong 

system to solve it in a short period of time. 

 

5. Conclusions 

The torsion analysis results demonstrate that the 

bending stiffness is 1638.672676N/mm                                          

and the torsional stiffness is 1023890.78N.mm/°. 

The optimum analysis of multiple different cars 

indicates that for economical sedans, the body's 

torsional stiffness and windshield stiffness range 

mainly between 700 and 900. This ranges from 

900 to 1300 N*mm/rad for mid-size automobiles. 

In general, an automobile's torsional rigidity 

increases with size. In general, the bending 

stiffness of BIW for medium cars, SUVs, and 

economical sedans is approximately 1000, 

13000, and 12,000 N/mm. The torsional and 

bending stiffness values that were found are both 

greater than these values. The bus body's 

torsional and bending analysis results, which are 

displayed in figures 8 and 9, indicate that the front 

axle's suspension system caused the maximum 

displacement in torsion to occur in the bus's 

dashed line near the front window, and the 

connection point between the engine and luggage 

and gearbox caused the maximum displacement 

in bending. Due to the engine and gearbox, the 

bus's side walls and bottom beams have the 

highest Von Mises stress in bending, and the 

luggage has the highest Von Mises stress in 

torsional stress. Modal analysis has been 

analyzed in the first ten modes, and according to 

what was stated in the discussion section, 

resonance does not occur according to the values 

of the first ten modes of the bus body. The 

accuracy of the obtained data is confirmed by 

comparing the location of the highest stress and 

displacement in the torsional and bending 

stiffness [5]. 

 

 

 

List of symbols  

 

𝐸  Modulus of elasticity 

𝑘  Stiffness 

ѵ  Poisson’s Ratio 

σy Yield stress 

ρ Density 

T Torque moment 

φ Torsional angle 

δ Displacement 

F Applied force 
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